Chapter 5
Phonons Il
Thermal Properties
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Phonon Heat Capacity
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" A
Quantization of Elastic Waves

-- The energy of lattice vibration is quantized.
-- The quantum of energy called a phonon, and
the quantum number is denoted as n.
-- The elastic waves in crystals are made of phonons.
-- Thermal vibration in crystals are thermally excited phonons.

The energy of an elastic mode of angular frequency w is

e:(n+%)hw (27)

When the mode is excited to quantum number n, that is,
When the mode is occupied by n phonons.
The term Y2 hw is the zero point energy of the mode.
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Plank Distribution :
Consider a situation where we have a set of identical oscillators in

thermal equilibrium, Compare the energy difference hw of
the two adjacent guantum states to the
|  n+1th ho thermal excitation energy kg T

| ' nth quantum state  The ratio of the number of oscillators in
their (n+1)th quantum state of excitation
n-1th to the number in nth quantum state is

N,+ /N, = exp(—fhw/T) 7= kgzT The Boltzmann factor (3)

N, = N, exp(-nhal7)

The ratio of the number of oscillators in the nth quantum state
to the total number of oscillators is

N exp(—nhw/T)

G . (4)
YN, > exp(—shw/r)
§=0

s=0
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We compute the average excitation quantum number n of an oscillator to be

E s exp(—shw/T)

= , 5
= zexp —shw/T) )

We let X = exp (-hw/ kgT), and 7 = kgT, the denominator becomes

Ex l—x;

S

Then, the numerator is

X
= ey — - b 6
E, X’ = x (l’\ : o4 (1 x)2 ( )

(n) = L — . Plank Distribution, (7)
1—x  exp(fiw/t) — 1 as the Eq.(2)
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Plank Distribution

<Ny,> Isthe thermal equilibrium occupancy of phonon wavevector K,
and polarization p

<n>

Atlarge T, <n>~ linearinT
From Fig. 1, <n>+% ~ (kgT)/ho
(<n>+ %) ho ~ kgT,

as in the classical limit
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Fig. 1
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The total energy of the phonons in a crystal is by summing over all phonon modes K, p
U = E E Uy = E 2 <nK,)>ﬁwK,; 5 (1)
K p g K p ; :

indexed by the phonon wave vector K,
We take < n > as the Plank distribution  and the polarization p

n)= exp(hw/T) — 1 ° (2)
ﬁwK )
= ' . (8)
; ;2) exp<ﬁw1<.;)/7) — 1 cContributions from phonons only

Introducing the concept of Dp(a)), the density of phonon modes (states),
at polarization p of frequency in the range from @ to ® + dw

hw
U= f lw D : = 9
; dw ”(w>ex13(ﬁw/7) —1 - Let X=holkeT (9)
X~ exp x
C]at = kB 2 f d(!) D})(w) 5 _ (].O)
» (expi— L) Lattice Heat Capacity

at constant volume
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(1) For the density of states in one dimension :
(A) Fixed Boundary Condition

Consider a 1-dimensional line of N +1 atoms. Considering N =10,
For fixed boundaries, the end atoms s =0, and 10 are held fixed, i.e. u; = 0.

| € L >|
. . S l<-a .
Fig. 2 Fixed s Fixed
J Ne—0o—9o——9o ol o o+ A *l Pa—
$§=0 1 2 - s=10
The vibration takes up the form of a standing wave with the atomic displacement
u, = u(0) exp(—in,pt) sin sKa (11)

The fixed boundary condition requires that at the end, u;,=0fors =0and s =N,

—» Fors =0, sinsKa=0.
— > Fors=N, NKa=nz, K=nz/Na=nz/L, wheren=1 to N-1.

_m 2w 3w (N — )
K L b) L » L >t L . (12)
, @ *—o o—o—0 oo o—
Fig. 3 0 _m 2m 107 'jn K space
10a 10a 10a
K—

Showing the N -1 allowed values of K
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K—La ? P I . (12)

For K=x/L,
ug < sin (sma/L) u,=0for s=0ands=N (13)

For K=K, .,=Nz/L=xz/a,u,=0 for each atom, hence this K is
not a valid solution

There are N -1 allowed values of K. And there are N-1 atoms allowed to move.

*** Eor the one dimensional line, there is one mode for each interval,
AK=zx/L

*** And the number of modes per unitrange of K is L/z forK <z /a,
and itis zero for K > z/a, thus D(K) =dN/dK =L /x




(B) Periodic Boundary Conditions :

For an bounded medium, and require the solutions be periodic over a
large distance L, namely, u (sa)=u (sa+ L), where L =Na.

We use the traveling (running) wave solution

U, = u(0) exp [ i(sKa - w,t)]

The periodic boundary condition leads to
exp (isaK) = exp (isaK + iKL), then exp (iIKL)=1,

KL=22nz, K=2Z2nz/L, nisinteger from 0, to N

K=0, i%, :4%’, i%”z,...,%(anNaw/a) (14)

There is one mode for every interval AK =2#4L.
For periodic boundary conditions, the number of modes per unit range of K
IS dN/dK= L/2z for —ala <K < afa, and is zero otherwise.

EdK ;oo : rlco— For the fixed boundary c?ric%gon
v T dw/dK ~—Group velocity v,
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Figure 4 Consider N particles constrained to slide on
a circular ring. The particles can oscillate if connected
by elastic springs. In a normal mode the displacement
u, of atom s will be of the form sin sKa or cos sKa:
these are independent modes. By the geometrical pe-
riodicity of the ring the boundary condition is that
uxs = u, for all s, so that NKa must be an integral
multiple of 277. For N = 8 the allowed independent
values of K are 0, 27/8a, 4m/8a, 67r/8a, and 87/8a. The
value K = 0 is meaningless for the sine form, because
sin s0a = 0. The value 87/8a has a meaning only for
the cosine form, because sin (s8ma/8a) = sin s7 = 0.
The three other values of K are allowed for both the
sine and cosine modes, giving a total of eight allowed

modes for the eight particles. Thus the periodic
boundary condition leads to one allowed mode per
particle, exactly as for the fixed-end boundary condi-
tion of Fig. 3. If we had taken the modes in the com-
plex form exp(isKa), the periodic boundary condition
would lead to the eight modes with K = 0, *27/Na,
*4m/Na, £6m/Na, and 87/Na, as in Eq. (14).
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Periodic Boundary Condition for a 1-D Lattice

@ — @ . 2 & 99— 90— @& . ]
_No 6w _d4r 2w 0 2z 4w 6w N
£, L L L. L L, Li L

K——

Figure 5 Allowed values of wavevector K for periodic boundary conditions applied to a linear lat-
tice of periodicity N = 8 atoms on a line of length L. The K = 0 solution is the uniform mode. The
special points =N7r/L represent only a single solution because exp(iws) is identical to exp(—irs);
thus there are eight allowed modes, with displacements of the sth atom proportional to 1,
exp(Liws/4), exp(*ims/2), exp(*i3ms/4), exp(ims).

Exp (fisKa)



For a 2D square lattice L
: e —

Figure 6 Allowed values in Fourier space of the phonon wavevector K for a square lattice of lat-
tice constant @, with periodic boundary conditions applied over a square of side L. = 10a. The uni-
form mode is marked with a cross. There is one allowed value of K per area (27/10a)> = (27/L)?, so
that within the circle of area 7K the smoothed number of allowed points is wK*(L/2)>.
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(2) For the density of States in 3D:
Considering N3 primitive cells each of edge L

expli(K,x + Ky + K.z)] = exp{i[K.(x + L) + K,(y + L) + K(z + L)]} , (16)

277 47 Nar
K, KR =0 Eoly BELy -y ST, (17)
There is one allowed value of K per volume of (24/L)3 or
L\ _ V. Allowed value of K per unit (18)
2ar 8> volume of K space.

For a volume of a sphere of radius of K, the total number of modes of
wavevectors less than K is

The density of states for eachpolarization is
D(w) = dN/dw = (VK*27)(dK/dw) . (20)

= (dN/dK) / (dK/d )
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Debye Model for Density of States

In the Debye approximation, the velocity of sound is taken as a constant.
v Is the velocity of sound, this usually applies for small ® and small K ,
such as for the acoustic mode for an elastic continuum.

w =vK |, (21)
From Eq. 19 N = (Vw3)/ 6123

D(w) = Vo*/21%0°|. (22)

In the Debye model, we define a maximum cuttoff frequency @, ,
and a maximum cutoff wavevector K

From Eqg. 19 w% — 67720:3N/V ; (23)

Kp = wp/v = (6m*N/V)V

The thermal energy of phonons in a ckystal is

U = f(lw D(w){n(w))hw = an dw ( V(f,);. )( fiw ) : (25)
( 2ar°v° J\e"' — 1

)

(24)
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@ VS xk Dispersion for Monoatomic Lattice

1.2
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ar 0 o oar
a K a a
«— First Brillouin zone >

Figure 4 Plot of w versus K. The region of K < 1/a or A > a corresponds to the contin-
uum approximation; here w is directly proportional to K.
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Assuming phonon velocity v is independent of polarization for all three direction,
We can multiply a factor of three

o= [ g, @ ST (v £ g
2mv°Jo e"m =1 2mwvuhlo e 1

where X = ho! kgT

Xp = hwp kT = 6/T . (27)
We Define Debye temperature &

0= ha, kg, and from eq. 23
a7\ 1/3
=i (%)

The total phonon energy is

]\ T o J‘.\’D [ ,\:3
— I — - - 9
U = 9NkzT 5 ) ax——7 > (29)
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Cy = (aU/aT),,, By differentiating the eq. (26) w.r.t. T, we get

- 2 wp 4 hw/r 3 p 4 x
Cy= %Vﬁ ,,f dw :u/e —9N7<B(I> f dx—2%— . (30)
2mv°kgT* Jo (e™m — 1)° Y 0 (e 1"

(1) For large T, x is small, we can expand the integrand, and .[dX X2
C, = 3Nkg, since U =3NkgT inthe large T limit.

(2) For low T, xg Is approaching to infinity, thus in Eq. (29),

o0 i o0 4
f dx —=— = f dx x° 2 exp(—sx) = 6 ), 1 1 : (31)
0 e —1 0 T st
3 3
Cy = 125’” (T) ~ 934 Nk,{%) | (32)

The Debye T3 Law for low temp
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Fig. 9 The low temperature heat capacity of solid Argon linear dependence of T3
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K’J

A qualitative approach of hwp = hoKp = kgb
deriving the Debye T3 Law Ky = kT
K.\'
At temp T, the phonons modes
are excited to have a wavevector K,
with thermal energy kgT . Fig. 10

Of the allowed volume in K space, the fraction occupied by the excited modes
is of the order of (@;/@p)® or (K{/Kp)3, where K; is the thermal wavevector
defined as hw; = kgT, and @; = VK

Hence AVK, = kgT, and AVK = k.0, B K /K, =T/6

Thus the fraction occupied is (T/0)2 of the total volume in the K space
For 3N modes of energy KT, we get U = 3NKT (T/6)3,
and C,,~JdU/IFT =12 NKy(T/6)?3* asthe T3 dependence



Einstein Model of Density of States

D (W) =N 5(W-Wo) We have N oscillators of identical fequency w,,

U= NinYheo = 02 _ (33)
ol — 1
_(oUY) _ ] 3w 2 efzw/T
CV B <8T>V B NLB ( ¥ ) (efzw/'r = 1)2 ’ (34)

Athigh T, xis << 1, C, =N kg. For 3D, N is replaced by 3N.

The high T C,,= 3NKj as the Dulong and Petit value.

Atlow T, x is >>1, C, = exp (-halkgT) =3
D(w) ,

»
»

Q)
®g

This model usually applies to optical phonon modes,
where @ is nearly independent of K.



Einstein Model for D(w)
Optical phonon modes

D(w)
1 , 1 Y]*2| Optical phonon branch
[2C(M1 M, ) \
|
. :(20/1\42)1'2
M, > M, i
o, > © (20/M,)"
|
l
Figure 7 Optical and acoustical branches of the dis- !
persion relation for a diatomic linear lattice, showing Kapistieal !
the limiting frequencies at K = 0 and K = K., = 7/a. phonon branch |
The lattice constant is a. ! =
b8
a

This model usually applies to optical phonon modes,
where w is nearly independent of K.



C i in cal/mol-K
\O

/4
0 ._..-r//

0 01 02 03 04 05 06 07 08 09 10
T/Og

Low T, C, = exp (-hao/kgT)

Fig. 11 Experimental C,, vs T/ for diamond compared to the Einstein Model
' in dashed line . 6= hw/Kg; =1320K
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General Expressions for D(w) :

As the density of states per unit frequency range at a given a(K)

For phonon frequency between w and o + dw

L 3
D(w)dw =| = f d°K . (35)
shell

27T

The integral is extended over the volume of shell in K space bounded between
two surfaces of constant frequency @ , and constant frequency @ + dw

The volume between the constant frequency surfaces wand o + dw
is a right cylinder of base dS_ and altitude dK

f K = f s dK, | (36)
shell

Where dK , is the perpendicular distance
between two constant frequency surfaces,
and dS,, is an element of area of the constant
frequency surface of @ in K space.
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’/- Surface w + dw = constant

J's;hell dgK - -[ dcylinders

=[ds, dK,

[ Surface w = constant

Fig. 13
The quantity dK is the perpendicular distance between two constant
frequency surfaces w, and o+ dw
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The gradient of w, which is Vgw, is also normal to the surface w constant,

and the quantity
|VKO)| dKJ_ d(x) 4

is the difference in frequency between the two surfaces connected by dK;.
Thus the element of the volume is

dw — 45, dw

w| le U

dS, dK, =dS

where v, = |Vgw| is the magnitude of the group velocity of a phonon. For (35)
we have
L f ds,,
D(w) dw = (277_) , dw

_ V. _(dS,
(27)3) Yg

(37)
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Near the brilllouin zone boundary,

D_ebye Model, & = v K’.U 'S a constant, Vq Is approaching to zero, and the
It is a good approximation for small

: dispersion of @ vs K is very flat.
and for the accoustic mode, D(@) ~&? This leads to a large peak

D(w) D(w) (singular points) in \\wj.

a)D w

(a) t off f
Fig. 14 cutorrireq. Debye term

(b)

The density of states D(w) vs o for (a) the Debye Solid; (b) the actual solid.

The spectrum for the crystal structure starts as &7, but discontjnuity develops at the

singular points (v,= 0)
Also known as the Van Hove Singularity



B B
Near the zone boundary, a [2C< 1 .1 )]1/2 Optical phonon branch

large population of states in M, M,
B . —_— !
K,l.e.apeakin D(w), the A | (2C/M,)"

corresponding v, is zero.

ot+tde | | (2C/M,)"
N R _ |
o = v K, acoustic mode @ :
|
Figure 7 Optical and acoustical branches of t is- |
persion relation for a diatomic linear lattice, showing Keoustical |
the limiting frequencies at K = 0 and K = K., = 7/a. e phonon branch !
The lattice constant is a. ! 2
I
a
K K+dK
1.0 ,
Ve
(Ca/M)”® At zone boundary
051 o o v, is zero
0 |
0 T LM
2a a
K



Low-T, Superconductivity Mechanism

BCS Theory in 1957
Electron phonon coupling

IO AT AN

Two electrons are bounded in pairs.



The Electron-Phonon Spectra Function of
the Low T, A-15 Compound Nb;AI
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Harmonic interaction: the quadratic terms of strains. Two lattice waves do not
interact, and no thermal expansion, etc.

In real crystals : Anharmonic crystal interactions

The energy includes higher order terms than the quadratic (harmonic) term.
U;=A €4x€y, €27
Three phonon processes are caused by the third order terms in the lattice

potential energy.

Thermal Expansions:

Ulx) = cx* —

U(x)

O

S

oxX

fx

4

C, f, g are positive. (38)

?

\ l Including anharmonic energy terms

g . asymmetry of mutual repulsion interaction

f . softening of the vibration at large x

v
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By using the Boltzmann distribution, we calculate average displacement < x>
as the ratio of the following two terms:

Jw dx x exp[—BU(x)]

(x) = : B=1/ KT

f dx exp[—BU(x)]

[ dx x exp(—BU) = [ dx [exp(—Bex?)](x H Bx + Bfx®) = (37/4)(g/c>)B™ ;
J dx exp(—BU) = [ dx exp(—Bex®) = (77/,80)1/-' , (39)

(x) = (40)

<x> is linear at higher T, but
<x> is~0 atverylow T



Lattice constant, in A

Fig. 15
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Lattice constant of solid Argon as a function of temperature



THERMAL CONDUCTIVITY

) dT ju as the flux of thermal energy transmitted
Ju=— — -d_ ,  per unit time per unit area.
x dT/dx is the temperature gradient

The transfer of thermal energy process is not a straight path, but a random
diffusion process with frequent collisions.
Ju=<N>c AT, <Ng> is the particle flux = n<v,> in the x direction
Here we introduce
AT =dT/dx €, =dT/dx v,z £ is the mean free path between collisions
7 iIs the average time between collisions

Jju= —n(vf)m%z; = —%n(vz)m'%% . (43)
= ——C f((l{T let /=vz, C=nc (44)
X

K =3;Cvfl , Debye’s Expression for K (42)




" N
Table 2 Phonon mean free paths

[Calculated from (44), taking v = 5 X 10° cm/sec as a representative sound velocity.
The €’s obtained in this way refer to umklapp processes. ]

Crystal T.°¢ C,in] em 2K ! K,in Wem™ 'Kt ¢.in A
R S B T R RS B A R B XD T
Quartz* 0 2.00 0.13 40
—190 0.55 0.50 540
NaCl 0 1.88 0.07 23
=190 1.00 0.27 100

T S Ty T TR S R T S T L B S S A ¥ o S S PG T
“Parallel to optic axis.

K=3Cvl ,




Thermal Resistivity of Phonon Gas

Phonon mean free path /¢

/ T~

Geometrical scattering by _
crystal boundary, and lattice Scatterings by other phonons

imperfections, etc. \
Purely harmonic interaction Anharmonic interactions with
third phonon

Atlow T
Z is limited by sample width D At high T, frequency of collisions <f>
A <f>a <N > ~KgT

D l oc 1/f c1/T

l

v
_|
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(A)For athree phonon collision process: the total momentum of the phonon
gas is not changed by such a collision.

K, + K, =K, G =0, the N process (45)

The total phonon momentum is conserved.
J =2 nxhK (46)
K

(B) The Umklapp Process: the three phonon process that caused thermal
resistivity,

K, + K, =K; +(G),

G is areciprocal lattice vector,

(47)

the U process

The energy of phonons K, K, suitable for umklapp to occur is of the order
of 3kz0, because each of the phonons 1 and 2 must have wavevectors of the
order of 3G in order for the collision (47) to be possible.



O
.. The Normal process i The Umklapp process

K, K,

R K;

K, G
In the first Brillouin zone In the first Brillouin zone

(a) (b)

Figure 17 (a) Normal K, + K, =K; and (b)_umklapp K, + K, = K; + G phonon collision
processes in a two-dimensional square lattice. The square in each figure represents the first
Brillouin zone in the phonon K space; this zone contains all the possible independent values of the
phonon wavevector. Vectors K with arrowheads at the center of the zone represent phonons
absorbed in the collision process; those with arrowheads away from the center of the zone repre-
sent phonons emitted in the collision. We see in (b) that in the umklapp process the direction of
the x-component of the phonon flux has been reversed. The reciprocal lattice vector G as shown is
of length 27/a, where a is the lattice constant of the crystal lattice, and is parallel to the K, axis.
For all processes, N or U, energy must be conserved, so that w, + w, = w,
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Open end tube

Mass flow of gas
EES—

7 A A 2 2 72777
Hot i 2 IR R N W T S S T e o ()
7777777777777 7
Hot Hot

Figure 16a Flow of gas molecules in a state of drifting equilibrium down a long open tube with
frictionless walls. Elastic collision processes among the gas molecules do not change the momentum
or energy flux of the gas because in each collision the velocity of the center of mass of the colliding
particles and their energy remain unchanged. Thus energy is transported from left to right without
being driven by a temperature gradient. Therefore the thermal resistivity is zero and the thermal

conductivity is infinite.

J, Is finite, dT/dX = 0, thus the thermal conductivity K is infinite !



Close end tube

y //

Hot old
end nd
(SIS S A A A A S A A o A o o o o A o A o A o A A A A o A S A Ao S A A A Ao A S S AT T

Hot Cold

Figure 16b The usual definition of thermal conductivity in a gas refers to a situation where no mass
flow is permitted. Here the tube is closed at both ends, preventing the escape or entrance of
molecules. With a temperature gradient the colliding pairs with above-average center of mass
velocities will tend to be directed to the right, those with below-average velocities will tend to be
directed to the left. A slight concentration gradient, high on the right, will be set up to enable the
net mass transport to be zero while allowing a net energy transport from the hot to the cold end.

Net energy transfer = J, is finite
>
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Shinelight on

‘ Net flow of phonons

Phonon | ©°7
source | S2e

Figure 16¢ In a crystal we may arrange to create phonons chiefly at one end, as by illuminating the
left end with a lamp. From that end there will be a net flux of phonons toward the right end of the
crystal. If only N processes (K; + Ky = K3) occur, the phonon flux is unchanged in momentum on
collision and some phonon flux will persist down the length of the crystal. On arrival of phonons at
the right end we can arrange in principle to convert most of their energy to radiation, thereby
creating a sink for the phonons. Just as in (a) the thermal resistivity is zero.

The thermal conductivity K is infinite !



Hot | = Cold
end |72 end
source The U process G#0 sink

Figure 16d In U processes there is a large net change in phonon momentum in each collision
event. An initial net phonon flux will rapidly decay as we move to the right. The ends may act as

sources and sinks. Net energy transport under a temperature gradient occurs as in (b).

Net energy transfer

>
The momentum G, and the energy are transmitted to the crystal,
causing the temperature change.

J, = finite, dT/dx = finite.
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Crystal imperfections:
We must consider scattering by crystal boundaries, the distribution of isotopic

masses in natural chemical elements, chemical impurities, lattice imperfec-
tions, and amorphous structures.

1
AthighT, Z~ 1/T, Ko 1/T - 200~ 9
—?-4100— —
Atlow T, Z~ D, limited by the sample width ; il §
Atlow T, C~T3, K T3 &
2
Z 20 =
'g 10 —~
K= CuvD . (48) E oo .
= T3 /T
K varies as T3 atlow T, and — X' L1 f —
displays a maximum feature due to Timpemmre, K
the temperature dependence of €. Figure 18 Thermal conductivity of a

highly purified crystal of sodium fluo-
ride, after H. E. Jackson, C. T. Walker,
and T. F. McNelly.
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| Ge
50 S

K = 0.06T3 /// L Enriched G67> ]
i T Isotope effect increases

/ the thermal conductivity
M, by a factor of 2-3.
1/ I\E*mal (h}x \

' 5

y \\ Phys. Rev. 110, 773 (1958)
/
/

Figure 19 Isotope effect on thermal

\ conduction in germanium, amounting to
/ \\-\ a factor of three at the conductivity
'/ N maximum. The enriched specimen is 96
/ percent Ge™, natural germanium is 20
percent Ge™, 27 percent Ge™, 8 percent
Ge™, 37 percent Ge™, and 8 percent
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Thermal conductivity, K in W em= K-

0.2 Ge™. Below 5 K the enriched specimen
has K = 0.06 T2, which agrees well with

01 Casimir’s theory for thermal resistance
| 2 5 10 20 50 100 200 500  caused by boundary scattering. (After

Temperature, in K T. H. Geballe and G. W. Hull.)

In an otherwise perfect crystal, the distribution of isotopes of the chemical
elements often provides an important mechanism for phonon scattering. The
random distribution of isotopic mass disturbs the periodicity of the density as

This leads to a significant increase in thermal conductivity






